We consider Hitchin's hyperkähler metric g L 2 on the SU(2)-Hitchin moduli space moduli space over a compact Riemann surface. We prove that the difference between the metric g L 2 and a simpler "semiflat" hyperkähler metric g sf is exponentially-decaying along generic rays in the Hitchin moduli space, as conjectured by Gaiotto-Moore-Neitzke.
In this paper, we study the asymptotic geometry of the hyperkähler metric g L 2 on the SU(2)-Hitchin moduli space, M. Gaiotto-Moore-Neitzke conjecture [GMN09, GMN10] an expansion of g L 2 in terms of another hyperkähler metric, known as the "semiflat metric" g sf , that exists because M is a complex integrable system.
Choose a Higgs bundle (∂ E , ϕ) in a non-degenerate fiber of the SU(2)-Hitchin moduli space M, and consider the ray (∂ E , tϕ, h t ) in M of Higgs bundles (∂, tϕ) with harmonic metric h t on the complex vector bundle E, as shown in Figure 0 .1. At t = 1, fix a Higgs bundle deformation (η,φ) of (∂ E , ϕ); note thatψ t = (η, tφ) is a Higgs bundle deformation of (∂ E , tϕ). We prove that the difference of the two metrics is exponentially-decaying in t. Theorem 0.1. Fix a generic Higgs bundle (∂ E , ϕ) in M, and a Higgs bundle variationψ = (η,φ). Consider the deformationψ t = (η, tφ) ∈ T (∂ E ,tϕ) M over the ray (∂ E , tϕ, h t ). As t → ∞, the difference between Hitchin's hyperkähler L 2 -metric g L 2 on M and the semiflat (hyperkähler) metric g sf is exponentially-decaying. In particular, there is some constant γ > 0, such that g L 2 (ψ t ,ψ t ) = g sf (ψ t ,ψ t ) + O(e −γt ).
(0.1)
BACKGROUND & STRATEGY
In this section, we review the relevant results about Hitchin's hyperkähler metric g L 2 ( §1.2) and the semiflat metric g sf ( §1.3). Additionally, we review Gaiotto-Moore-Neitzke's conjecture [GMN10, GMN09] for Hitchin's hyperkähler metric g L 2 and the progress made 1 arXiv:1810.01554v1 [math.DG] 3 Oct 2018 towards this conjecture in the rank 2 case ( §1.4). Of particular note, Mazzeo-Swoboda-Weiss-Witt [MSWW17] have shown that along a generic ray in M SU(2) , g L 2 − g sf decays polynomially in t; Dumas-Neitzke [DN18] have shown that-restricted to the Hitchin section of M SU(2) -g L 2 − g sf decays exponentially in t. We comment on some of the important ingredients in their respective proofs that we gladly borrow, and describe our strategy of proof in §1.5.
1.1. Higgs bundles and the harmonic metric. Let C be a compact Riemann surface with metric g C . Additionally, let E → C be a complex vector bundle of rank 2 and degree 0, with some fixed holomorphic structure on the determinant line bundle Det E. From this data, we get an associated moduli space M of stable SL(2, C)-Higgs bundles up to complex gauge equivalence. An SL(2, C)-Higgs bundle is a pair (∂ E , ϕ) where
• ∂ E is a holomorphic structure on E which induces the fixed holomorphic structure ∂ Det E on Det E, and • the Higgs field ϕ ∈ Ω 1,0 (C, End 0 E) satisfies ∂ E ϕ = 0.
Equivalently, M is the SU(2)-Hitchin moduli space consisting of triples (∂ E , ϕ, h)-up to complex gauge equivalence. Here, the hermitian metric h solves Hitchin's equations
(1.1) and is known as the harmonic metric. (In this expression, D(∂ E , h) is the Chern connection associated to the pair (∂ E , h) , F D(∂ E ,h) is its curvature, and ϕ † h ∈ Ω 0,1 (C, End 0 E) is the h-hermitian adjoint of ϕ.) The Hitchin moduli space M is a noncompact hyperkähler space with hyperkähler metric g L 2 . There is a second hyperkähler metric on the Hitchin moduli space, called the semiflat metric g sf , by virtue of the fact that M is a complex integrable system under the map Hit :
Given a point of the Hitchin base, the associated spectral cover is
Let B be the locus of points in B where the associated spectral cover is smooth, or equivalently q 2 has only simple zeros. We restrict our attention to the regular locus M = Hit −1 (B ), since both hyperkähler metrics, g L 2 and g sf , exist and are smooth there.
1.2. Hitchin's hyperkähler metric, g L 2 . Hitchin's hyperkähler metric g L 2 on the Hitchin moduli space is usually expressed in the equivalent unitary formulation of Hitchin's equations. In this formulation, we additionally fix a hermitian metric h 0 on the complex vector bundle E → C. Now, the Hitchin moduli space M consists of pairs (d A , Φ), where
We can go back and between these two formulations as follows. Clearly, given the pair (d A , Φ) we get the associated triple (∂ A , Φ, h 0 ). Conversely, given a triple (∂ E , ϕ, h), the complex gauge group acts by
Following the exposition in [DN18, §4.3], to define Hitchin's hyperkähler metric g L 2 , we first equip the space Ω 0,1 (sl(E)) ⊕ Ω 1,0 (sl(E)) with the L 2 -metric given by
We decompose the deformation (ȦȦ 0,1 ,Φ) as
where (Ȧ 0,1 ,Φ) is parallel to the image of ρ, and (Ȧ 0,1 ,Φ) ⊥ is perpendicular to the image of ρ. Then, Hitchin's hyperkähler metric g L 2 is
where · g is the metric from (1.5). Note that (Ȧ 0,1 0 ,Φ 0 ) L 2 is the minimum of (Ȧ 0,1 ,Φ) g among all deformations (Ȧ 0,1 ,Φ) in the unitary gauge orbit of (Ȧ 0,1 0 ,Φ 0 ). Such a minimizing deformation is said to be in Coulomb gauge.
1.3. Limiting configurations and the semiflat metric g sf . Consider a 1-parameter family of Hitchin moduli spaces M t , each an upgrade of the usual Higgs bundle moduli space M. The moduli space M t consists of triples (∂ E , ϕ, h t ) where (∂ E , ϕ) is a Higgs bundle and the hermitian metric h t solves the t-rescaled Hitchin's equations
(1.9)
Note that (∂ E , ϕ, h t ) solves the t-rescaled Hitchin's equations if, and only, (∂ E , tϕ, h t ) solves the usual t = 1 Hitchin's equations in (1.1). Consequently, the hermitian metric h ∞ appearing in M ∞ is the limiting metric h ∞ = lim t→∞ h t of the family of hermitian metrics in the ray (∂ E , tϕ, h t ) in M. We call the triple (∂ E , ϕ, h ∞ ) in M ∞ a limiting configuration. For (∂ E , ϕ) ∈ M , the limiting metric h ∞ is obtained by pushing forward the singular Hermitian-Einstein metric on a certain parabolic line bundle L → Σ [MSWW16, Fre] . Here, L → Σ is the spectral data associated to the Higgs bundle (∂ E , ϕ); it encodes the eigenvalues (as Σ) and eigenspaces (as L) of ϕ : E → E ⊗ K C , where E = (E, ∂ E ). The spectral curve π : Σ → C is ramified at Z, the set of zeros of q 2 . The line bundle L → Σ FIGURE 1.1. The spectral cover Σ is an 2 : 1 cover of C, ramified at Z, the zeros of det ϕ.
is a parabolic bundle with weights − 1 2 at the preimages Z ⊂ Σ of the ramification locus Z ⊂ C, as shown in Figure 1 .1.
Because h ∞ is pushed forward from abelian data, (∂ E , ϕ, h ∞ ) solves the decoupled Hitchin's equations
(1.10)
The moduli space M has a natural hyperkähler metric g sf that is smooth on M by virtue of the fact that it is a complex integrable system[Fre99, Theorem 3.8]. Additionally, the moduli space of limiting configurations M ∞ has a natural L 2 -metric. (Here, the Coulomb gauge condition is only formal.) In the SU(2) case, Mazzeo-Swoboda-Weiss-Witt prove that these two metrics are equal. 1.4.1. Gaiotto-Moore-Neitzke's conjecture. In [GMN09, GMN10], Gaiotto-Moore-Neitzke conjecture that Hitchin's hyperkähler metric solves an integral relation 1 . (The integral equation appears in [Nei13, Eq 4.8] which is a survey of [GMN09] aimed at mathematical audiences.) Iterating the integral relation from the initial hyperkähler metric g sf , one expects to approach the hyperkähler metric g L 2 . The first iteration gives the following expression for the difference of the two metrics over a ray tb ∈ B:
is a collection of integer "Donaldson-Thomas invariants" depending on b ∈ B, and Z is the period map
where λ is the tautological (Liouville) 1-form on Tot(K C ). The first correction is from the smallest value 2|Z γ 0 | for which Ω(γ 0 ; b) = 0. Since K 0 (x) ∼ π 2x e −x , and the omitted cross-terms in (1.11) are of order e −4|Z γ 0 |t [Nei18, Eq. 5.3], Conjecture 1.2 (Weak form of Gaiotto-Moore-Neitzke's conjecture for M SU(n) ). Fix a Higgs bundle (∂ E , ϕ) in M . Hitchin's L 2 -metric on M admits an expansion as
(1.13)
In the rank 2 case, |Z γ 0 | = 2M where M is the length of the shortest geodesic on the associated spectral cover Σ, measured in the singular flat metric π * | det ϕ|.
A number of previous papers made progress towards proving this conjecture for SU(2).
1.4.2.
Mazzeo-Swoboda-Weiss-Witt's description of the ends of M SU(2) using approximate solutions. In [MSWW17], Mazzeo-Swoboda-Weiss-Witt prove that g L 2 admits an expansion as
where G j is a symmetric 2-tensor. (Since ψ t 2 grows quadratically in t the first possible polynomial term is actually of order t −2/3 ψ t 2 . Thus, it is is polynomially decaying even though it appears in (1.14) to be polynomially growing.) 1 The hyperkähler metric g L 2 on M determines and is completely determined by a twisted fiber-wise holomorphic symplectic structure on the twistor space Z = M × CP 1 . The integral relation is actually formulated in terms of certain "holomorphic Darboux coordinates" X γ on the twistor space Z = M × CP 1 2 In the rank 2 case, Γ = H odd 1 (Σ; Z), the sublattice of H 1 (Σ b ; Z) which is odd under the exchange of the two sheets of Σ.
The result in [MSWW17] is built on the description of h t near the ends of M given in [MSWW16] . They build an approximate solution of Hitchin's equations h app t close to h t [MSWW16, Theorem 6.7] by desingularizing the singular metric h ∞ on disks around the zeros of q 2 . In particular, around each zero of q 2 , there is a local coordinate in which q 2 = zdz 2 and a gauge in which
The metric has a desingularization given by
The approximate metric is built by interpolating between h model t on the disks and h ∞ on the complement, simply by adding the cutoff function χ
The metric h app t fails to solve Hitchin's equations on the annulus where χ is not equal to 0 or 1. Thus, they call the moduli space of triples (∂ E , tϕ, h app t ) the "approximate Hitchin moduli space." (Note that in their construction of approximate solutions, they use the fact that Hitchin's equations are conformal, and replace g C with a conformal metric g C which is flat on the disks around each of the zeros of q 2 .)
Turning back to the difference between Hitchin's hyperkähler metric and the semiflat metric, Mazzeo-Swoboda-Weiss-Witt break the difference into the following pieces and separately analyze each:
(1.19)
Here, g app is the L 2 -metric on the "approximate Hitchin moduli space" for deformations in formal Coulomb gauge. Note that all of their possible polynomial terms come from from the second term, g app − g sf . Moreover, since h app t = h ∞ on the complement of the disks, the integrand of the difference of the L 2 -metrics g app − g sf is non-zero only on the disks. 1.4.3. Dumas-Neitzke's description of the asymptotic geometry of the Hitchin section of M SU(2)) . In [DN18], Dumas-Neitzke restrict from the regular locus of the Hitchin moduli space M to the Hitchin section with its tangent space. They prove that g L 2 − g sf is exponentiallydecaying, and in particular
where M is the length of the shortest geodesic on Σ measured in the singular flat metric π * | det ϕ|. Comparing this to the weak form of Gaiotto-Moore-Neitzke's conjecture given in Conjecture 1.2, note that the are only off from the conjectured sharpest coefficient of exponential decay by a factor of 2! Though Dumas-Neitzke do not use the approximate solutions in [MSWW16] , essentially Dumas-Neitzke have a very clever way of dealing with the term g app (ψ t ,ψ t ) − g sf (ψ t ,ψ t ) on the disks. The possible polynomial terms in (1.14) are roughly from variations in which the zeros of det(ϕ + φ) move. Roughly, Dumas-Neitzke use a local biholomorphic flow on the disks around each zero of q 2 that perfectly matches the changing location of the zero of q 2 + q 2 .
1.5. Strategy in Present Work for M SU(2) . Compared to these two previous papers, our proof can be seen as an extension of the method of Dumas-Neitzke [DN18] using the analysis and approximate solutions of Mazzeo-Swoboda-Weiss-Witt. As in [MSWW17] , we break the integral into two parts
Using their analysis in [MSWW16] , Mazzeo-Swoboda-Weiss-Witt already prove that the first term g L 2 − g app decays like e −γt , so we can simply quote their result. (Since their coefficient of exponential decay is not some known fraction of the conjectural sharp −4Mt, we are not careful about the exact coefficient of exponential decay.) We prove that the second term g app − g sf is exponentially decaying in §3 using an adaptation of the method of Dumas-Neitzke. Typically, the L 2 -metric on the Hitchin moduli space is expressed in the unitary formulation of Hitchin's equations in terms of pairs (Ȧ 0,1 ,Φ). However, in the unitary formulation, the maps between M , M app and M ∞ are obscured; the maps between their respective tangent spaces are even more difficult. It is far easier to formulate everything in terms of triples (∂ E , ϕ, h), since the same Higgs bundle moduli space underlies M , M app and M ∞ . In §2, we formulate the tangent space in terms of triples (η,φ,ν) wherė η is a variation of holomorphic structure,φ is a variation of the Higgs field, andν is a variation of the hermitian metric. Notably, in Proposition 2.6 we give the following clean expression for Hitchin's hyperkähler metric on M. Given 
This clean expression uses a somewhat surprising fact (Proposition 2.2): we can write a single sl(E)-valued equation for (Ȧ 0,1 ,Φ) combining (1) the infinitesimal variation of Remark 1.3. We try to use the notation of Mazzeo-Swoboda-Weiss-Witt and Dumas-Neitzke for ease of comparison. However, there is one point of divergence that has the possibility to be especially confusing, since we instead use the notation in [Fre, FN17] . The local harmonic metric in the gauge of ( 
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HYPERKÄHLER METRICS IN TERMS OF HIGGS BUNDLE DEFORMATIONS
In order to compare the two hyperkähler metrics g L 2 and g sf on M , we first have to describe the map from the tangent space to M (with hyperkähler metric g L 2 ) to the tangent space to M ∞ (with hyperkähler metric g sf ). The map
is most naturally given in terms of Higgs bundle deformations (η,φ) because the Higgs bundle moduli space
Even though the metrics g L 2 and g sf are normally written in terms of unitary deformations (Ȧ 0,1 ,Φ) and (Ȧ 0,1 ∞ ,Φ ∞ ), it will be convenient to express them instead in terms of the underlying Higgs bundle deformation (η,φ), and respective sl(E)-valued metric variationṡ ν andν ∞ , which we introduce in §2.1.
Remark 2.1. The results in this entire section hold for G = SU(n).
2.1. The tangent space to M. Consider the family of deformations of the Higgs bundle (∂ E , ϕ) given by
whereη is (0, 1)-valued (giving an infinitesimal deformation of the holomorphic structure),φ is (1, 0)-valued, and
so that (η,φ) solves the infinitesimal version of the Higgs bundle equation ∂ E ϕ = 0. Infinitesimal gauge transformations act on the space of infinitesimal deformations. If g = e γ is an infinitesimal complex gauge transformation, then the Higgs bundle deformations (η 1 ,φ 1 ) and (η 2 ,φ 2 ) determine the same class iḟ
Now, consider a triple (∂ E , ϕ, h) with Higgs bundle deformation (η,φ). Additionally deform the hermitian metric by including an sl(E)-valued sectionν:
(2.5)
We now express this in the more standard unitary formulation of Hitchin' equations, as described in §1.2. Given the triple (∂ E , ϕ, h), there is an End E-valued h 0 -hermitian section H such that h(v, w) = h 0 (Hv, w). Consequently,
Taking the gauge transformation g = e − ν H −1/2 and gauge action in (1.4), note that
consequently, we've passed to the unitary formulation of Hitchin's equations. Then
2.2. Representatives of the tangent space to M in Coulomb gauge. In the unitary formulation of Hitchin's equations, given (Ȧ 0,1 ,Φ) ∈ T (A 0,1 ,Φ) M, the pair (Ȧ 0,1 ,Φ) must solve the following three equations, which respectively encode the infinitesimal version of ∂ A Φ = 0, F A + [Φ, Φ † h 0 ] = 0 and the formal Coulomb gauge condition (see [MSWW17, Eq. 10]):
Note that the Coulomb gauge condition and infinitesimal version of F A + [Φ, Φ † h 0 ] = 0 each impose an su(E)-valued equation on (Ȧ 0,1 ,Φ). The following proposition packages these into a single sl(E)-valued equation on (Ȧ 0,1 ,Φ).
Proposition 2.2. Let (Φ, A 0,1 ) be a solution of the SU(n)-Hitchin's equations. A deformation (Φ,Ȧ 0,1 ) ∈ Ω 1,0 ⊕ Ω 0,1 is (1) in Coulomb gauge and (2) solves the infinitesimal version of
Proof of Proposition 2.2. We can write Hitchin's equations as
The variation (Ȧ,φ) ∈ Ω 1 ⊕ Ω 1 is L 2 -orthogonal to the image of ρ if and only if (e.g. see
(2.16) (Note that because C is Kähler, in local coordinates g C = λ 2 dzdz = λ 2 (dx 2 + dy 2 ). It follows that the Hodge star operator applied to one-forms is independent of the metric, i.e. (adx + bdy) = −bdx + ady.) Now, consider the expression featured in (2.11):
Computing each piece separately,
Consequently, we precisely see that (2.14) is given by the vanishing of the imaginary part of (2.17); (2.16) is given by the vanishing of the real part of (2.17)! Remark 2.3. We say that a deformation is in formal Coulomb gauge if it satisfies (2.15). We use this formal notation of Coulomb gauge for M ∞ where we make no claims that the variation is L 2 -orthogonal to the image of ρ.
Remark 2.4. Given a Higgs bundle deformation (η,φ), Proposition 2.2 can also be viewed as a single equation for the sl(E)-valued deformationν:
This generalizes the observation in [DN18, Eq. 4 .14] that for the SU(2)-Hitchin section, it is best to work with a single complex function F, which they call the "complex variation."
In the usual gauge for the Hitchin section, these are locally related byν = − 1 2 F
This metric variationν is essentially uniquely determined from (η,φ), as we show in Corollary 2.5.
Corollary 2.5.
(a) Given a compact connected region Ω (possibly with ∂Ω = ∅) the pair (Ȧ 0,1 ,Φ) solving the Dirichlet problem
(b) Similarly, given (η,φ), the deformationν solving the Dirichlet problem in Ω for the induced PDE
is unique up to addition of non-singularv satisfying
From (2.9),
Consequently,
where ξ = H 1/2 (ν 2 −ν 1 )H −1/2 . Taking the inner product with ξ, and integrating by parts (using the fact that ξ = 0 on ∂Ω),
Therefore, 
30)
A Higgs bundle deformation (η,φ) gives rise to a metric variationν ∞ such that
(2.31)
In the unitary formulation of Hitchin's equations, the variation (η,φ,ν ∞ ) corresponds to the deformatioṅ 
The moduli space M app is just the ordinary Higgs bundle moduli space of pairs (∂ E , ϕ) upgraded to include the data of a hermitian metric h app that is an approximate solution of Hitchin's equations, as constructed in [MSWW16, Fre] . The tangent space of M app consists of Higgs bundle deformations (η,φ) upgraded to contain an infinitesimal deformationν app that does not infinitesimally change the (non-zero) value of F D(∂ E ,h app ) + [ϕ, ϕ † h app ]. Thus, similarly, we can combine this with the formal Coulomb gauge condition into a single equation
This deformation corresponds to a pair in formal Coulomb gauge (Ȧ 0,1 
the approximate metric g app is
Proof of Proposition 2.6. Given a infinitesimal deformation (η,φ,ν) solving (2.22), let (Ȧ 0,1 ,Φ) be the associated pair in unitary gauge solving (2.11). Then,
The proof for g sf and g app are identical.
2.5. Special Kähler metric for M SU(n) . In [MSWW16], Mazzeo-Swoboda-Weiss-Witt prove that the special Kähler metric g sK on B agrees with restriction of the L 2 -metric on M ∞ (denoted g L 2 (M ∞ ) ) to the Hitchin section. The expression for the semiflat metric in Proposition 2.6 allows us to give a quicker proof of this fact that works for any rank n. This family of spectral curves {Σ b } b∈B induces a special Kähler metric on B , as follows. A special Kähler structure can be conveniently described in terms of special conjugate holomorphic coordinates. Choose a symplectic basis
Then, these special conjugate holomorphic coordinates
defined by integrating the tautological 1-form λ over cycles in Σ b ⊂ Tot(K C ). The special Kähler metric 3 on B is given by 
τ˙b, (2.42) using the the isomorphism
For example, in the SL(2, C) case, τ :q 2 →q 2 2 √ q 2 . (This is because one root of the charac-
We show that the special Kähler metric g sK is the restriction of the L 2 -metric on M ∞ (denoted g L 2 (M ∞ ) ) to the Hitchin section. 
(2.45)
Proof. The computation is short:
In the second line, we pull back to the spectral cover Σ b where π * ϕ globally diagonalizes and π * h ∞ respects the decomposition. The third line follows because π * ν ∞ is also diagonal in this basis. The last line follows from the isomorphism τ in (2.43).
Remark 2.8. The proof for n = 2 appears in [MSWW17, Proposition 3.7]. In unitary gauge, the limiting configuration corresponding in the Hitchin section over q 2 ∈ B is [MSWW17, Lemma 3.2]
(2.47)
Differentiating this along the path q 2 + q 2 , one can see thatȦ ∞ = 0. However, Mazzeo-Swoboda-Weiss-Witt observe thatȦ ∞ can be gauged away, and that the following representative of the tangent vector is in Coulomb gauge:
Comparing their proof to the proof of Proposition 2.7, note that by using the formulation of g L 2 (M ∞ ) in (2.38), we can avoid writing out any of the gauge transformation required to makeȦ ∞ = 0.
THE DIFFERENCE g app − g sf ON THE LOCAL DISKS
In this section, we study difference g app − g sf on local disks around the ramification points Z of π : Σ → C.
Theorem 3.1. Suppose q 2 has a simple zero at p ∈ C. Let z be a holomorphic coordinate on the disk such that q 2 = zdz 2 = − det ϕ. Additionally, take the holomorphic gauge in which
Note that in this gauge h t need not be diagonal; however, as in (1.18), define h app t = |z| −1/2 e −u t (|z|)χ(|z|) |z| 1/2 e u t (|z|)χ(|z|) . 
This deformation is in formal Coulomb gauge. In this gauge, the deformationν app t solving (2.35) is diagonal.
In this gauge, for the ray of variations (0, tφ)
Remark 3.2. The proof uses the clever holomorphic variations described in §8 of [DN18] , and is relatively straightforward adaptation of the argument in Dumas-Neitzke for (∂ E , ϕ) in the Hitchin section, since our choice of gauge in (3.1) and representative of [(η,φ)] in (3.3) is the same as in [DN18] . We include the scaling factor t to make the dependence on t as explicit as possible. Note that Dumas-Neitzke do not use the approximate solution at all; we do because h app t is diagonal in the disk while the actual harmonic metric may not be diagonal. This has the advantage of reducing the analysis from a coupled system of PDEs to a single scalar PDE! For this, it is crucial that h ∞ ,ν ∞ , h g Note thatη = 0 becauseγ is holomorphic. Thus, we've proved the claim. Writing ϕ = ϕ z dz, note that there is some remaining infinitesimal gauge freedom to takeγ = f ϕ z for some holomorphic function f .
From this equation alone, we see thaṫ
for some (not necessarily holomorphic) function τ. The infinitesimal version of F D(∂ E ,h ∞ ) = 0 gives that τ is holomorphic. Use the remaining infinitesimal gauge freedomγ = τ 2 ϕ z to reduce to the case whereν ∞ +ν † ∞ = −2Re Ṗ 4z σ 3 . Lastly, the Coulomb gauge condition gives thaṫ on the closure of the disk D χ =0 , we conclude thatν app is diagonal.
For convenience, we introduce the notation
(3.8)
In order to prove the exponential decay of (0, tφ,ν
we break the integrand into the following two pieces, and deal with these separately:
In the same gauge as (3.1, 3.2), the metric h model t is (see (1.16))
The metric variationν X t is defined using a well-chosen holomorphic variation, as follows. SupposeṖ = ∑ ∞ n=0 a n z n . Then, closely following Dumas-Neitzke (see Eq. 10.12), let χ = ∞ ∑ n=0 a n 2n + 1 z n .
(3.11) in order to define a holomorphic vector field X = χ ∂ ∂z generating the holomorphic deformation well-suited toq 2 =Ṗdz 2 . Define the complex function
Note that 
Proof of SUBCLAIM 5A: Note that
(3.24) From the exponential decay of u 1 in |x| like Ce −γ|x| 3/2 we get 7 the exponential decay of this term like Ce −γt .
Proof of SUBCLAIM 5B: First we note that at the outer edge of the annulus, h 
(3.25)
we immediately get that that for all z ∈ Disk
(3.26) This is because the slope of any secant line of the function e x valued on [0, C t ] is less than the slope of the tangent line to e x at x = C t . the complex variation equation (2.11) and (2.35). These reduce to the following scalar equations (cf. (3.13)) ∆ − 16t 2 |z| cosh(2u t ) F model t + 8t 2 e −2u t |z| −1 zṖ = 0 (3.29) ∆ − 16t 2 |z| cosh(2u t χ) F app t + 8t 2 e −2u t χ |z| −1 zṖ = 0.
Thus,
+16t 2 |z|(cosh(2u t ) − cosh(2u t χ))F app t + 8t 2 |z| −1 (e −2u t − e −2u t χ )zṖ.
We apply the maximum principle to the real and imaginary parts of (F model t − F app t ) in (3.30). For convenience, abbreviate these PDEs respectively 0 = (∆ − k 2 ) f Re + g Re and 0 = (∆ − k 2 ) f Im + g Im . Suppose f Re does not achieve an interior maximum or minimum in the annulus. Then because of the exponential decay of | f Re + i f Im | on the boundary of the annulus in (3.27, 3.28), we have an exponentially decaying upper bound on the interior of the annulus. Now, suppose f Re achieves an interior max at x 0 . Then ∆ f Re (3.31) Note that we can bound this maximum value on the annulus by O(e −γt ) because | cosh(2u t ) − cosh(2u t χ)| = O(e −γt ) and |e −2u t − e −2u t χ | = O(e −γt ). Thus, since z, |z| −1 ,Ṗ, e −2u t χ are all uniformly bounded in t on the annulus, we have the desired result:
(3.32)
This completes the proof of CLAIM 5.
MAIN THEOREM
Theorem 4.1. Fix a stable Higgs bundle (∂ E , ϕ) ∈ M , and a Higgs bundle variationψ = (η,φ). Consider the deformationψ t = (η, tφ) ∈ T (∂ E ,tϕ) M over the ray (∂ E , tϕ, h t ). As t → ∞, the difference between Hitchin's hyperkähler L 2 -metric g L 2 on M and the semiflat (hyperkähler) metric g sf is exponentially-decaying. In particular, there is some constant γ > 0, such that g L 2 (ψ t ,ψ t ) = g sf (ψ t ,ψ t ) + O(e −γt ).
(4.1) (Here, we suppress the metric variations; including them, note that g L 2 (ψ t ,ψ t ) := (η, tφ,ν t ) 2 g L 2 , as defined in (2.37), and similarly g sf (ψ t ,ψ t ) := (η, tφ,ν ∞ ) 2 g sf , as defined in (2.38).)
Proof. We break the difference g L 2 (ψ t ,ψ t ) − g sf (ψ t ,ψ t ) into two pieces:
g L 2 (ψ t ,ψ t ) − g app (ψ t ,ψ t ) + g app (ψ t ,ψ t ) − g sf (ψ t ,ψ t ) .
(4.2) By [MSWW17, §10] 8 , there is a constant γ such that g L 2 (ψ t ,ψ t ) − g app (ψ t ,ψ t ) = O(e −γt ). For the second piece of (4.2), first note that Mazzeo-Swoboda-Weiss-Witt [MSWW17] prove that g sf is the L 2 -metric on M ∞ (see Proposition 1.1). The family of approximate metrics h app t constructed in [MSWW16] differ from h ∞ only on disks around the ramification points Z; consequently, the only contribution to the difference g app (ψ t ,ψ t ) − g sf (ψ t ,ψ t ) is from these disks. By Theorem 3.1, g app (ψ t ,ψ t ) − g sf (ψ t ,ψ t ) = O(e −γt ).
(4.4)
